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The transcendence of e was proved by Charles

Hermite in 1873 A.D. In 1926 A.D., D.H.
Lehmer computed the value of e to 709 decimal
places by using a continued-fraction expansion.

Nevvton (born 1642 A.D) also expressed log

(1+x) as an infinite series by expanding as

(x +1)
@-x+x’-x>+..). However, it was Nicolaus
Mercator who first published in 1668 A.D., the

2 X3

: X
Series log =X ——t——.....
og(L+x)=x : + 3

The expansion of i|og(1+ x)@-x) was found by
2

John Wallis in 1695 A.D.
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Exponential and Logarithmic Series

Exponential Series

7.1 Definition (The number e)

The limiting value of (1 + H) when n tends to infinity is denoted by e

n
i.e.,e=e=|im(1+lj =1+£+£+£+i+ ......... o = 2.71 (Nearly)

nN—o0 n

7.2 Properties of e ~

(1) e lies between 2.7 and 2.8.i.e., 2.7 < e < 2.8 (since %s o forn>2)
n!

(2) The value of e correct to 10 places of decimals is 2.7182818284
(3) e is an irrational (incommensurable) number
(4) e is the base of natural logarithm (Napier logarithm) i.e. Inx =log, x and log,, eis

known as Napierian constant. log,, e =0.43429448 , Inx =2.303 log,, X

= 2.30258509 ]

(since In x =log,, X.log, 10 and log,10 =
log,, €

7.3 Exponential Series

X X
For xeR, e* =1+5+—+—+ ...... ot O et =y

The above series known as exponential series and e* is called exponential function.

Exponential function is also denoted by exp. i.e. exp A=e”; .. expx =e”*

7.4 Exponential Function a* where a > 0

- a¥ :elogea :exlogea
x? X3 x"
sat=e** ....(i) , where a=log, a. We have, e* =1+=+—+"—....... + ©
21 3! r!
2,2 3,3 ryr
. . . . oax a’X®  a’x a'X
Replacing x by ax in this series, e“* =1+?+ o + 3l Fo b o0
! ! ! r!
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. log. a log . a)? log, a) x"
Hence from (i), a* =1+ Je x+( 9. 2) X2 4, +M+ ........ 0

1! 21 r

7.5 Some Important Results from Exponential Series
We have the exponential series

X XZ ooxn
1) el =1+—+"—+... =)y — i
() 1 2 * n;;n! W
X2 X3 © an
(2) Replacing x by -x in (i), we obtain e —1—5 ETRETIS oo—nz(;(—l) S (ii)
(3) Putting x =1 in (i) and (ii), we get, e =1+— +£+—+ —ii
g , g TRETRE TR 2
00 n
ciiiii Ll ED
1 20 3 & n
x+e X X2 X4 X6 ) X2n
From (i) and (ii), we obtain =l+—+—+—+.......
(4) (1) and (i) TRATIMT g(m,
ex_ex XS X5 © X2n+l
=X+ —t—F .. =
2 31 5l ~(2n+1)!
et 1 21 e—et 1 2 1
+—+—+ . = —_— =l+—+—+...... =
(5) =, 21 %am' 2 31" 5l §(2n+1)'
Note De—l—l+l+1+1+ ......... =Z:l Ele—2—1+1+i+ ......... oo:Z:l
1 21 31 41 iy 21 31 41 il
7.6 Some Standard results
N 1 - 1 -1 1 1 1
1 — = = =e 2 —=— 4 —+— -+ =e-1
@ 22 &0 D R TR TRET *
=1 1 1 1 1 1
—=—4—+—+ . =e-2 —+—+. =e-1
(3)§n! 21" 31" 4l . (4) Z(n+1)l 1l 21" 31 *
1 1 1 1
—t—t+—+ . =e-2 +—+—+. =e-2
(5)2 2)' 2! 3l 41 * ()Z(n+1)| 2| 31" al °°
1 1 e+et & 1
=t =+ = =
(7)2(2 - 2l 41" 6l T nzzl:(zn—z)l

1 1 e—e! & 1
8 i, - -
( )Z (2n —1)l 1l TR * 2 Z(2n+1)!

. . X . .
T.., =General term in the expansion of e* = — and coefficient of x" in e* ==
n!
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_ X X X X
(10) e =1-Z+——"—+....... +-D)" —+.... o0
1 2 3! n!
. . - x" . . . -1)"
. T,,, = General term in the expansion of e ™ =(-1)" — and coefficient of x" in e ™ = %
n! n!
2 3 n
ax ax ax ax
(11) eaX=1+( )+( ) +( ) o +u+ ......... ©
1! 2! 3! n!
. . ax)" . . . a"
. T,,; =General term in the expansion of e® = % and coefficient of x" in e® = —
n! n!
0 0 © 2 0 2
n n n n
( )Zn! Z“n! (3)Zn! Z:n!
n=0 n=1 n=0 n=1
0 3 0 3 o0 4 0 4
n n n n
aD 2 =% =2y (a5) 2 =1e =2
n=0 ' n=1 ' n=0 '* n=1 '
Example % % % % ......... o0 = [JMI CET 2000]
(a) 1/e (b) e (c) 2e (d) 3e
Solution: (b) E+i+£+§+ ......... 0 = (1+1)+(1+3)+(1+5)+(1+7)+ ........
1 31 51 7 1 3! 5! 7!
(1 1 1 1 j 1 1 1 e-e’ e+el
=l —+—+—+—+. o |+|1l+—+—+—+.... | = + =e
1 31 51 71 21 41 6! 2 2
2 4 6
Example: 2 §+§+%+ ......... 0 = [MNR 1979; MP PET 1995,
2002]
(a) e (b) 2e (c) e? (d) 1/e
Solution: (d) Here Tn:(2n+1)_1: 1 — 1 jS:ZTn: i-i—i+i+ ....... 0 |[— i+i+i+ ....... 0
@n+1)!  (@2n)! (2n+1)! — 21 41 6! 31 51 71
1 -1
S:[He _1He_e _1]361_
2
23 33 43
Example: 3 l+;+?+z+ ......... o0 = [MNR 1976; MP PET 1997]
(a) 2e (b) 3e (c) 4e (dse
3 3 3 3
Solution: (d) S =1—+2—+3—+ ........ +n—+ ........
w2t 3 n!
3 3
Here Tn=n—:>8n: D _se
n! n!
n=1
7x +ex
Example: 4 The coefficient of x" in the expansion of ——1s
e
4"t 4 (=2 40t n 4"t 4 (2t 4" (-2
(@ & 2 m) 22 (o I (@ 228
n! n! n! n!
7x X o n X n 7x X n _9\n
Solution: (d) We have S— & _ g% 12X = 2(4)() +Z( ) coefficient of x" in &+ _2 +(2)
g3 & nl & n g3 n!
1+2 1+2+3 1+2+3+4
Example: 5 1+ o + 3 + a1 Foen 0 = [Roorkee 1999; MP PET 2003]
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(@) e (b) 3e (c) e/2 (d) 3e/2
N _Zn_n(n+1)_l 0+ ] 1| n-1 2 | 1] 1 2
Solution: (d) T, == ===71) _2{(n—1)! 2l0-n -0t 2| =21 -1

o) 0

1 1 > 1 3
=T ziz(n—2)|+z(n—1)! :%+e:7€

n=1 n=1 n=1

Logarithmic Series

7.7 Logarithmic Series

An expansion for log, (1 + x)as a series of powers of x which is valid only when, | x| <1,

Expansion of log,(1+ x);if | x|<1, then Ioge(1+x)=x—x7+———+ ........ )

7.8 Some Important Results from the Logarithmic Series

(1) Replacing x by —x in the logarithmic series, we get

2 3 4 2 3 4

Ioge(l—x)z—x—X?—X?—XT ......... o or —Ioge(l—x)=x+x7+?+XT+ ........ 0
x? x*
(2) (1) Ioge(1+x)+loge(1—x):Ioge(l—xz):—2{7+7+ ........ oo},(—l<x<1)

3 5 3 5
(ii) Ioge(1+x)—loge(1—x)=2[x+%+%+ ........ oo}or Ioge(i—:)zz{wr%ﬁ?ﬁt ........ oo}

(3)The series expansion of log,(1+x)may fail to be valid if |x| is not less than 1. It can be
proved that the logarithmic series is valid for x=1. Putting x=1 in the logarithmic series.

We get, Ioge2=1—l+l—l+£—£+ ........ w=i+i+i+
2 3 4 5 6 1.2 34 56
(4) When x =-1, the logarithmic series does not have a sum. This is in conformity with the
fact that log(1-1) is not a finite quantity.

7.9 Difference between the Exponential and Logarithmic Series

2 X3

(1) In the exponential series e* =1+§+7+§+ .......... o« all the terms carry positive signs
x? x* x*
whereas in the logarithmic series log,(1+ x) =X _7+?_T+ ........ o« the terms are alternatively

positive and negative.

(2) In the exponential series the denominator of the terms involve factorial of natural
numbers. But in the logarithmic series the terms do not contain factorials.

(3) The exponential series is valid for all the values of x. The logarithmic series is valid when
[x|< 1.
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Example:

6

Solution: (a)

Example:

2003]

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

7

(a)

8

(b)

9

(9}

10

(9}

(0.5)2 . 0.5° (0.5)° .

05 ——"—+————"—+..... [MP PET 1995]

2 3 4
3 1 1
(a) |09e(5) (b) IOglo(Ej (c) log,(nh) (d) Ioge(zj
x2 x* x*
We know that, X__+?_T ........ o =log, ([ +x)
. (052 (0.5° (0.5)* 3
Putting x = 0.5, we get, 0.5— > + 3 2 e o =log,(1+0.5)=log, 2
i—i+i—i+ 0 = [Roorkee 1992; MP PET 1999; AIEEE
1.2 23 34 45 77 ’ ’
4 e
(a) |09e(g] (b) IOQeZ (©) log, 4 (d) log, 2
1 1 1 .
We know that, log, 2 =—+—"—+—+....... o e (i)
1.2 34 56
1 1 1
Also log, 2=1-| — |-| — |-| =— |00 .. ii
50 190. (2.3] (4.5] (6.7] ” 1)
By adding (i) and (ii), we get, 2log, 2 =1+ N + Lt +
y & P WeBeh 2100 £= AT 157 %3) 34 a5 )T
1 1 1 1 1 1 4
2log, 2-1=—"—-—+———+..... e E e =log, 4 -log, e=1log,| —
= 210e 23 34 45 12 23 34 45 0 =10ge * ~108. ge[ej

The coefficient of x" in the expansion of log,(1+3x +2x?)is

2" +1
n

(d) None of these

n _1\n+1
() (—1)”{2 ”} (b) %[zwu ©

n

We have, log,(1+3x +2x%) =log, (1 +x)+log, (1 + 2x)

_m_nflx_nw_n&@_w_nfliz_nn_oo_n711+2nn
_nzﬂ:(l) n+nZ:1j<1> - —nzﬂj(l) [n+an —%j(l) ( - jx

B (_l)n+1(2n +1)
N n

b =2 =]

n
So coefficient of x" = (—1)”1(2 n+1]

The equation X log (20 _ 25 holds for [MP PET 1992]
(a) x=6 (b) x=-3 (c) x=3 (d) x=7

Given equation x100x@0° _ o5 (2+x)> =25 hold for x =3

If y:—{x3+7+x?+ ........ j, then x = [MNR 1975]

1

(c) @-e’) (d) @-e’)

3y2 33 1
e OL O ] <o) = 01wt = xae
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